There has been some debate about the validity of quantum affine Toda field theory at imaginary coupling, owing to the non-unitarity of the action, and consequently of its usefulness as a model of perturbed conformal field theory. Drawing on our recent work, we investigate the two simplest affine Toda theories for which this is an issue -a (1) 2 and a (2) 2 . By investigating the S-matrices of these theories before RSOS restriction, we show that quantum Toda theory, (with or without RSOS restriction), indeed has some fundamental problems, but that these problems are of two different sorts. For a (1) 2 , the scattering of solitons and breathers is flawed in both classical and quantum theories, and RSOS restriction cannot solve this problem. For a (2) 2 however, while there are no problems with breather-soliton scattering there are instead difficulties with soliton-excited soliton scattering in the unrestricted theory. After RSOS restriction, the problems with kink-excited kink may be cured or may remain, depending in part on the choice of gradation, as we found in [12] . We comment on the importance of regradations, and also on the survival of R-matrix unitarity and the S-matrix bootstrap in these circumstances. 
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Introduction
Affine Toda field theory has proved to be an extremely useful description of a wide class of two dimensional scattering theories. The main impetus behind the quantum treatments of these models has been the description of massive scattering theories as perturbed conformal field theories [1] , and the fact that when treated in the free-field formulation the actions of such perturbed conformal field theories have the form of affine Toda theory actions [2] .
These theories depend on a coupling constant β, and for real values of β describe a set of particles with purely elastic S-matrices [3] . For imaginary values of β, the picture is more involved. The action is not real for real values of the fields, and typically when one finds a reality condition on the fields which will leave the action real, this will have a potential unbounded below. Clearly this makes the quantum theory problematic.
However, in the classical theory the potential has discrete vacua at real values of the fields, and there are solitonic solutions interpolating these vacua and breather solutions of zero topological charge; despite not taking real values, they have real energy and momentum [4] , and indeed all the conserved quantities take real values [5] . Given these properties of the solitons and breathers, it is not surprising that much effort has been spent trying to quantise these systems in spite of the other unpleasant properties. One suggestion that has been made is that one simply needs to restrict to some well-chosen subspace of well-behaved classical solutions.
There have been several attempts [6, 7] to follow this scheme and attempt a semi-classical quantisation of the soliton and breather sectors in the manner of [8] . This has not been entirely successful. While correctly 'predicting' the quantum mass corrections in some theories [9] , it has failed in some other cases [7] -but neither of these papers actually applied the method properly. The semi-classical calculation of mass corrections consists of finding the spectrum of small oscillations around a background soliton, but since the Hamiltonian cannot be shown to be Hermitian, there is no guarantee that the results of [7, 9] will have any relation to the 'real' answer 1 .
Other problems have been highlighted by Khastgir and Sasaki [11] who have found classical solutions with complex energy which become singular in finite time, and solutions with negative real energy, which would lead to problems if the desired quantum vacuum could tunnel to these lower energy states, creating particles in the process. However one might be able to argue that these are not in the 'proper' class of initial 'breather and soliton' configurations.
The second route to quantise Toda theories has been through the use of their quantum group symmetry. This has been carried out (at least in part) for a number of Toda theories and has been successful in some ways -although this quantum-group procedure cannot be guaranteed to give the correct S-matrices for the quantum solitons, the fact that in every case so far investigated [6, [13] [14] [15] [16] [17] the S-matrix of the lowest mass zero-topological charge bound states, or breathers, is identical (after analytic continuation in the coupling constant) to the conjectured S-matrix of the lightest mass particles in the real coupling Toda theory argues very strongly that they are right.
Apart from Sine-Gordon theory (a (1) 1 ), it is not expected that the S-matrices for the fundamental solitons which result from the quantum group method are unitary matrices, and the only known way to correct this is quantum group or RSOS restriction [13, 18] .
However, in our recent paper [12] on Φ 1,5 perturbations of minimal models, we found examples of RSOS restricted affine Toda field theories with 'unitary' S-matrices for the fundamental particle but nevertheless with a complex finite-size spectrum.
This result motivated us to reexamine these issues in the two simplest affine Toda field theories, a (1) 2 and a (2) 2 . These two theories have already been studied a lot; for a (1) 2 there are papers on their classical and quantum integrability, classical soliton solutions, classical breathers, semi-classical mass corrections, quantum S-matrices, S-matrix bootstrap and RSOS restrictions; for a (2) 2 there is almost an equal amount of work done.
One of the objects of this paper is to highlight problems that can already be found in the results in the literature but which have been overlooked to date. As we argue in section 2.1, it is more important that the eigenvalues of the S-matrices and higher transfer matrices are phases than that the matrix is itself unitary, since this leads to a real finite-size spectrum (to leading order); unfortunately these eigenvalues are not preserved under RSOS restriction, where the relevant matrices are the transfer matrices of [19, 20] . Furthermore, the choice of 'gradation' is also important; while this leaves the eigenvalues of the unrestricted transfer matrices invariant, it has an effect on the form of the S-matrix bootstrap and is an essential factor in the possible RSOS restrictions, and hence in the eigenvalues of the restricted transfer matrices.
We first investigate the unrestricted S-matrices of a (1) 2 and find that while the fundamental soliton-soliton S-matrix has phase eigenvalues, both the three-particle soliton transfer matrix and the the fundamental soliton-antisoliton transfer matrix do not have phase eigenvalues for generic coupling. While this problem may or may not be cured by any particular RSOS restriction, we then show that the soliton-breather scattering in a (1) 2 also has intrinsic problems in both the quantum (section 3) and classical theory (section 4) which cannot be removed by RSOS restriction, and that any theory containing both solitons and breathers will have a complex spectrum.
For a (2) 2 we find rather different results, in that the unrestricted fundamental soliton-soliton scattering is well behaved, but that the S-matrix of the fundamental soliton with the first excited soliton is badly behaved. For a (2) 2 however, the classical theory (section 6) does not seem to reflect these difficulties.
First we start in section 2 with some generalities on S-matrices, their properties and constructions, and treat a 2 in turn in sections 3-6. In section 7 we discuss a particular example which shows how RSOS restriction can fail in rendering the scattering theory consistent and finish with our conclusions in section 8.
Generalities

S-matrices and unitarity
A quantum field theory is unitary if the inner product on the space of states is positive definite and the S-matrix is unitary with respect to this inner product. However, in statistical field theory this is too strong a requirement, and a more natural one is that the spectrum is real.
We will consider integrable field theories which have factorised S-matrices. We consider two sorts of theories: those where the particles -solitons and breathers -are classified by their topological charge; and later another where it is instead the vacua interpolated by the particles which are labelled.
S-matrices of particle theories
The particles are divided into different 'species', all the particles of the same species having the same non-zero mass, and each species having one or more 'flavours'. We denote a particle of species A, flavour i and rapidity θ by A i (θ).
If the in state is a 2-particle state | A i (θ) B j (φ) in with θ > φ, then the S-matrix is
where θ − φ is real and positive for physical scattering. S AB is a unitary matrix if 2) or in matrix notation
3)
The S-matrix of a unitary field theory possesses several properties, such as real analyticity (A), and may possess other discrete symmetries such as parity (P), time reversal (T) and charge-conjugation (C). These are given in [21] as
Using (A) and (PT) it is possible to rewrite (2.2) as 5) for all values of θ, which is often simply written in matrix notation
This is usually known as 'unitarity', but the only Toda theory for which this is true seems to be Sine-Gordon theory, and it has no direct relation to either unitarity (2.2) nor to the 'R-matrix unitarity' of the underlying quantum group structure.
An alternative notation for the S-matrix uses the matrixŠ AB which is simply related to S AB byŠ
If S satisfies (A) and (T) we can express unitarity (2.2) as the matrix equatioň 8) which is again also known as 'unitarity'. Since this is indeed the equation satisfied by the S-matrices derived by the quantum group construction, we shall refer to this as R-matrix unitarity, or RU for short.
Note that RU is equivalent to (2.6) if the S-matrix is (P) invariant, which is the case in Sine-Gordon theory.
Reality of the spectrum
When we try to describe a two-dimensional statistical model in terms of an effective scattering theory, it is not necessary for the space of states to have a positive definite inner product, and indeed many interesting and physically relevant models are of this sort, for example the scaling Yang-Lee model [22] . However, whether or not the S-matrix satisfies unitarity (2.2) for a particular choice of the Hilbert space inner product, it is certainly necessary that the eigenvalues of the S-matrix are phases for real rapidities if the spectrum is to be real. While we do not know the exact equations for the finite-size spectrum in the general case 2 , we know that the leading order finite-size effects are given by the Bethe Ansatz.
The Bethe Ansatz equations express the condition that the wave-function of a multi-particle state on a circle is single-valued under the operation of taking a particle around the circle. For a state of two particles A a (θ A ) and B b (θ B ) on a circle of circumference R, the wavefunctions ψ ab (θ A , θ B ) must satisfy the two simultaneous equations
where η is a phase depending on the relative statistics of particles A and B. These equations are only consistent if the two matrices commute, but in our situations they obey the stronger condition RU and so consistency is guaranteed. Diagonalising these equations, they reduce to
where s AB is an eigenvalues of the S-matrix S AB (θ). For this equation to be satisfied with real rapidities, s AB (θ A − θ B ) should be a pure phase for real θ A , θ B ; if it is not a pure phase, there can be no solutions with real rapidities, and consequently the two-particle states satisfying this quantisation condition will have complex energy and momentum.
The generalisation of (2.10) to multi-particle states of particles A, B . . . N of masses m A , . . . and rapidities θ A . . . is
where η AB are phases depending on the relative statistics of the particles, and t A , t B etc are simultaneous eigenvalues of the commuting 3 transfer matrices T A , T B etc which are shown graphically in figure 1 and which are given by T
, etc (2.12) Just as in the two-particle case, we need the eigenvalues t A . . . to be pure phases for real rapidities if the multi-particle states are to have real energy. If (2.2) holds, i.e. if S AB (θ) is a unitary matrix for real θ, then it is easy to see that all the transfer matrices T A are also unitary and hence all their eigenvalues are pure phases. However, (2.2) is not a necessary condition -if S AB is conjugate to a unitary matrix by a change of basis of the one particle states, then the transfer matrices T A are also conjugate to unitary matrices and hence will have phase eigenvalues. This distinction that the change of basis must only depend on the one particle states is important: if S AB has phase eigenvalues, then it is given by a unitary matrix in some basis, but it is only if this basis is related to the original basis by a change of the one-particle states that all the higher transfer matrices will have phase eigenvalues.
The point of this discussion is that it is very hard to determine whether a given S-matrix is conjugate to a unitary matrix by a change of the inner products of one-particle states, since this change of basis may be very complicated and involve rapidity-dependent changes of inner products, but if the eigenvalues of any transfer matrix are not phases then we can be sure that this is not the case and that the finite size spectrum will not be real.
Quantisation of affine Toda theory: Quantum group method
As shown by Bernard and LeClair [24] , the 'imaginary-coupling' quantum affine Toda field theory based on the affine algebra g has a U q (g ∨ ) symmetry. Since this algebra includes the topological charge as one of its generators, we must assume that the solitons transform non-trivially under this algebra, and this leads to the requirement that the soliton-soliton S-matrices are proportional to the R-matrices of the symmetry algebra.
The S-matrix of the fundamental excitation is derived from the universal R-matrix of an affine quantum group in its fundamental representation. There are again two different notations R andŘ for the R-matrix which are related byŘ = PR where again P is the permutation operator.
Such a matrixŘ(x, q) has two parameters -q the deformation parameter which is a pure phase, and x the spectral parameter.Ř satisfies the matrix equatioň
In the theory of R-matrices an R-matrix is also said to be unitary if (2.13) holds [13] .
The S-matrixŠ AA of the fundamental excitation is then obtained aš 14) where x(θ) = exp(αθ) for some constant α, η AA = ±1 (the sign to be decided on the basis of the bootstrap) and where f (θ) is a suitable scalar function ensuring (RU) holds: 15) and which can be fixed by requiring crossing symmetry and a suitable number of CDD poles. (n.b. different physical models may differ exactly in the number and position of these CDD poles -see [25] ).
The S-matrices for the higher particles are to obtained using bootstrap fusion. It is important to note here that sinceŠ AB andŠ BA are derived independently using the S-matrix bootstrap, it is not free for us to impose Parity invariance on a S-matrix, rather we have to check whether or not it holds. As noted by Delius, RU will also hold for all higher particle S-matrices, assuming that one can associate a representation of the quantum group to each particle species [26] .
As stated before, RU is only equivalent to (2.6) if the S-matrices are (P) invariant, and this is usually not the case in affine Toda field theories -the only known exception being Sine-Gordon theory. If we really want the S-matrix to be a unitary matrix, then as noted by Smirnov [13] , the only known method is quantum group restriction to an RSOS scattering theory of kinks (and breathers).
Quantum group restriction relies on a choice of gradation, and so we discuss this first.
Gradations
The symmetry algebra of g-affine Toda field theory is U q (g ∨ ) which is generated by non-local charges with non-trivial Lorentz spin, and the Lorentz spins of these charges may be changed by redefining the energy momentum tensor, or, equivalently, by the addition to the action of a Feigin-Fuchs term as we discuss in the appendix B.
Furthermore the charges act on multi-particle states by a representation which is rapidity dependent, the dependence being determined by the spins of the charges. This may be made clearer by considering the charges e α associated to the simple roots α of g ∨ , which have spins
where γ is an arbitrary vector corresponding to the ambiguity in the spins; a choice of γ is called a choice of gradation. There are two distinguished classes of gradations:
• The spin gradation
In this gradation the charges have their canonical spins, and is given by γ = 0.
• Homogeneous gradations A gradation is called homogeneous if all spins s α are zero apart from one.
The S-matrices depend on the gradation, and a change of gradation is a rapidity dependent similarity transformation on S.
2 ) all homogeneous gradations are equivalent, and the algebra of zero-spin charges is U q (a 2 ); there are two inequivalent homogeneous gradations for U q (a (2) 2 ), for which the algebras of zero-spin charges are U q (a 1 ) and U q 4 (a 1 ) and which we call the (1, 2) and (1, 5) gradations respectively.
Quantum group restriction
Quantum group restriction relies on a choice of gradation for which a subset of the non-local conserved quantities are Lorentz scalars; this means that the action of the corresponding quantum subalgebra on multi-particle states commutes withŘ. Given this situation it then makes sense to restrict to highest weight states of this subalgebra. As a result, N -particle states may be labelled by sequences of N +1 highest weights (obeying certain relations). For q a root of unity, one can then consistently restrict the Hilbert space further so that the highest weights of a sequence are chosen from a finite subset (depending on q), and these theories are exactly the quantum group restricted RSOS theories. In this formulation we label S-matrix for particles of species A and B in terms of the vacua by
This procedure preserves several properties of the unrestricted theory, including the YangBaxter relation, R-matrix unitarity and crossing symmetry, and furthermore the eigenvalues of the matrices t (ac) AB whose elements are
are a subset of those ofŠ. However, what makes this procedure useful and interesting is that the physically relevant data, i.e. the eigenvalues of the transfer matrices (see [19, 20] ) 19) have little relation to those of the unrestricted S-matrix S. This means that it is possible to obtain a unitary theory from a nonunitary theory by RSOS restriction, and the resulting theories can have a very rich finite-size spectrum.
3 Quantum S-matrices of the a
2 theory
The first affine Toda theory to be investigated after Sine-Gordon theory, and the first in which the problems mentioned above may arise, is the a (1) 2 theory. In the real-coupling case, this leads to a theory of two real scalar fields which may be thought of as charge conjugates of each other. The first author to treat the imaginary couplign theory was Hollowood, who found a spectrum of solitons and breathers, in different species and different degrees of excitation, with the exact details depending on the coupling constant β.
In order to state his results, we give our conventions (which in this case follow sections 2 and 5 of [16] )
Hollowood found that the solitons come in two conjugate species (a) = 1, 2 each with three flavours (corresponding to the 3 and3 representations of a 2 ), and in various excitation levels
k and have mass
The fundamental solitons are then A
0 and A
0 . Hollowood also found that there were two conjugate breather species (a) = 1, 2 which have excitation levels p = 1, 2, . . . [ 
Again we have B
(2)
p .
Hollowood only considered the S-matrices for the scattering of fundamental solitons and anti-solitons, and the first author to treat the remaining S-matrices was Gandenberger [27] . We give their results and comment upon them in the next two sections.
The unrestricted S-matrices for soliton-soliton scattering in a (1) 2
The unrestricted S-matrices for a (1) 2 soliton scattering are given in [6] , but the eigenvalues were not investigated, nor was the matrix-unitarity of the S-matrix. The relevant S-matrices are the 9×9 matrices S A k A l (θ) and S A k A l (θ), which take the form
where the prefactors f kl ,f kl are always phases for real θ and η kl andη kl are phases which may depend on the gradation. In the homogeneous and spin gradations these phases take values
The eigenvalues of R 33 (x, q) are each triply degenerate, and are
which are clearly phases for non-negative real x and q a phase. However, for q a phase and x real and negative these are not phases, and so we immediately see that the S-matrix S A 0 A 1 has non-physical eigenvalues. Hence for the unrestricted theory to be unitary, we need to be in the regime λ < 1 for which there are no excited solitons (Hollowood also reached this conclusions but from different reasonings).
Furthermore, when we investigated the Bethe-Ansatz equations for three particles of type 3 numerically, we found that the transfer matrices did not in general have phase eigenvalues. Hence, while S 33 is conjugate to a unitary matrix, this does not simply involve a change of inner product on the one particle states, and even the fundamental S A 0 A 0 S-matrix is not well behaved.
The problems with a (1) 2 are also clearly seen in the eigenvalues of R 33 (x, q), which are 1 (six times degenerate) and the three eigenvalues
Thus the eigenvalues of R 33 (x, q) are not all phases for q a generic phase and x a positive or negative real number, and there is no need to examine the three-particle states.
This certainly suggests (contrary to the comments in [6] ) that the unrestricted a
2 theory is not a unitary theory (in any sense other than RU), even in the repulsive (no bound state) regime, apart from possible discrete values of the coupling constant.
3.2 The S-matrices for soliton-breather scattering in a
While Hollowood discussed the presence of breathers in the spectrum, Gandenberger was the first to compute their S-matrices; his results for the S-matrices of the fundamental soliton (A=A 
where
As can be readily seen, this does not satisfy the full range of properties, breaking (P) and (T), but preserving (A), (C) and (P T ) while also being crossing symmetric. Also, since it is derived by the quantum-group method, it obeys RU (2.8)
for all θ, but since it breaks (P ), it does not satisfy (2.6), that is for real θ,
Hence, in this case, we can attribute the failure of unitarity (2.2) to the failure of parity, since unitarity is equivalent to (A), RU and (P), and of these only the last fails. As a result, we expect that this model will have a complex spectrum whenever it contains both breathers and solitons.
4 Classical scattering in a
In the previous section we have just seen that the quantum scattering of solitons with breathers in a
2 has severe problems -but how can this be reconciled with the supposedly consistent scattering in the classical theory? To answer this question we first have to recall some elements of the construction of soliton and breather solutions.
All the known soliton solutions of the a (1) n Toda theories were found by Hollowood in [28] , the breathers by Harder et al in [29] , and the scattering of solitons by Olive et al. in [30] . We take the action of a (1) 2 to be
where β is imaginary, and α i are the simple roots of a 
where λ i are the fundamental weights of a
2 . We consider only the solutions which tend to one of these vacua as |x| → ∞, and denote the topological charge of such a solution by (m 1 , m 2 ), where
Hollowood gives the generic multi-soliton solution of a
2 in terms of tau-functions τ j as
where m = √ 3 µ, and a particular solution is given by a choice of N and the 3N parameters {a i , θ i , p i } with a i ∈ {1, 2}, θ i ∈ C and p i ∈ C * ; such a solution has total energy E and momentum P given by
where M = (8m)/β 2 . To find the allowed values of p i , θ i , a i for which this gives a solution regular for all x, t, is in general a difficult problem, as it is to find the overall topological charge of a solution, but this can be fully analysed for the cases N =1 and N =2.
The fundamental soliton solutions of a
(1) 2
The simplest such solutions are the single solitons, which are parametrised by a rapidity θ, a 'species' label a ∈ {1, 2}, and a complex number p of which the magnitude determines the initial position and the phase determines the 'shape' and (together with a) the topological charge. For the single solitons, (4.4) becomes
This solution will be singular for any values of x, t for which one of τ j is zero. Since X(θ, x, t) can take any real positive values, each τ j will be zero for some (particular) values of x and t if the phase of p is π + 2nπ/3 for any integer n. As a result, the only restriction is on p which is that its phase must not be equal to (2n + 1)π/3 for any integer n.
For each choice of a = 1, 2, the topological charge of the soliton is constant on each region of allowed p values. By inspection, we find that the topological charges 
2 for a = 1 and a = 2.
Solutions with N = 2
For a solution (4.4) of a (1) 2 with N = 2 to have real energy and momentum, we must either take θ 1 , θ 2 to be both real, or to be a complex conjugate pair. The solutions with two real rapidities correspond to scatterings of two fundamental solitons and we discuss these in section 4.3, and now we consider only the solutions with complex conjugate rapidities.
We also can simplify further our analysis by a Lorentz transformation so that θ 1 =−θ 2 =i α is pure imaginary and the solutions are now stationary and periodic in time. The mass of such a solution is 2M cos α, where M is the mass of a single soliton, and consequently the fundamental region of α is [−π/2, π/2].
By the following redefinitions,
the general two soliton solution with parameters {a, p 1 , iα} and {b, p 2 , −iα} can be cast in the form
The x and t dependence of (4.10) is contained in z j (x, t), which will take any value in C * for suitable x and t. Hence, the two-soliton solution will be singular if
is zero for any complex number z. This is amenable to complete analysis, which we relegate to appendix A, and the result is that the solution is singular for some value of x and t provided that, for each j,
where τ = u 2 + u −2 .
To find zero-topological charge breathers we must take a = 1 and b = 2, and find X 12 (2iα) = 1 − 3/(4 cos 2 α) < 1. Since we require X < 0 or X > 1, we must take π/2 > |α| > π/6, so that 0 < M (α) < √ 3M . We note here that the solutions with α > 0 and α < 0 can be regarded as conjugate to each other, in the manner of Gandenberger. It is also interesting to note that the maximum mass of a regular classical breather solution is √ 3 M , whereas quantum considerations suggest the breathers have masses up to 2 M . Whether this signals that the quantum S-matrices obtained from quantum groups methods are not the quantisations of the classical theories, or that there are classical breather solutions to be found, or whether there is some other explanation, we cannot say.
Next, since δ j (x, t) is independent of j, we need only consider j = 0 with the result that for each value of π/6 < α < π/2 there is a single finite region of {2 < τ, 0 < δ < π} with regular solutions, bounded by the curves τ = 2 and τ = 2 + 2X 12 (2iα)(cos(2δ) − 1). For example, figure 3 shows the allowed region for α = π/3. By inspection, the topological charge of a regular breather solution is always zero.
Scattering of two solitons in a (1) 2
The scattering of solitons has already been investigated in [30] . The scattering process itself is complicated, but it is quite straightforward to examine the final state, and it was shown that the only result of solitons scattering is a change in trajectory of the participating solitons. 
2 with α = π/3
If we want to describe the scattering of a fundamental soliton of parameters {a 1 , θ 1 , p 1 } with another fundamental soliton of parameters {a 2 , θ 2 , p 2 }, this is not simply the solution (4.4) with parameters {a 1 , θ 1 , p 1 ; a 2 , θ 2 , p 2 }. To find the correct N = 2 soliton solution we must consider the N = 2 solution with parameters {a 1 , θ 1 , q 1 ; a 2 , θ 2 , q 2 } so that τ j takes the form
We assume that θ 12 is positive, so that in the initial state for t ≪ 0, |Y | ≫ |Υ|. As a result, for the two ranges of x such that |Y q 1 | ∼ 1 and |Υq 2 | ∼ 1, the solution describes two well separated solitons. In the first case, |q 2 Υ| ≪ 1, so that for this range of x the tau function is dominated by 16) which is a single soliton of parameters (a 1 , θ 1 , q 1 ). However, in the range of x such that |Υq 2 | ∼ 1, we see that |Y q 1 | ≫ 1 so that the tau function is dominated by
which is a single soliton with parameters (a 2 , θ 2 , q 2 X a 1 ,a 2 (θ 12 )). Hence, in the initial configuration, we must take the parameters q 1 and q 2 to be
We can repeat this exercise for t ≫ 0 and find that the solitons in the final state have parameters
Thus it appears that the net effect of the scattering process has been to change the parameters of the two solitons in the following way:
However, since X a 1 ,a 2 (θ 12 ) is real for real rapidities θ i , the net effect can be simply absorbed into a time delay or advance for the trajectory of each soliton, as can be seen from
There is perhaps some slight sign of potential problems in the quantum theory in that for each choice of θ 1 , θ 2 , p 1 , then for any x, t one can find a value of p 2 such that the solution is singular at that point -but in general these singularities are isolated in spacetime, and one might argue that they present no real problems.
The results of general scatterings in a
It should be clear from the previous calculation how to generalise this result to the arbitrary scatterings of solitons, breathers and breathing solitons of a
2 , simply by considering the scattering of their constituent solitons.
The situation of interest to us is the scattering of a breather with a single soliton. Consider a soliton of parameters (a, θ, p) scattering from a breather of parameters (φ, α, q 1 , q 2 ), which in terms of its constituent solitons is formed from two solitons of parameters (1, φ + iα, q 1 ) and (2, φ − iα, q 2 ), with θ > φ as before.
After scattering, the labels and rapidities are unchanged but the 'shape' parameters have changed as follows:
If we confine our attention to the breather, we see that the result of the scattering is not simply a change in trajectory. The 'shape' parameter of the breather has changed by
For a = 1, 2 this factor takes the values
For generic values of θ, φ and α this is a generic complex number, so that in a typical scattering both δ and u will be altered. Note however that this factor tends to one as |θ − φ| → ∞.
We can now try as before to absorb all the effects of the scattering into an effective change of trajectory, corresponding to a time displacement δt and space displacement δx. From eqn. (4.10) this leads to the two equations
The result is that both δx and δt are complex for a generic scattering, as is the effective time delay
While this may appear a strange procedure from the classical point of view, it agrees perfectly with the results of Gandenberger, as the time delay ∆T for a light breather scattering off a heavy soliton this can be compared with the quantum scattering using the formalism of Faddeev and Korepin [31] , and we find perfect agreement, as we now show.
Let us recall how the correspondence between the phase-shift and the classical time delay is made. We consider the scattering of the lowest breather with mass m B 1 in the a (1) 2 theory on a soliton of mass M at rest. The energy in this frame is E = M + m B 1 cosh θ, where θ is the rapidity of the incoming breather. Given the phase-shift δ(E) as a function of the incident energy E the classical time delay can be computed as
assuming that M ≫ m B 1 which means that we treat the soliton as a static potential well. In terms of the rapidity we can write
where S AB (θ) is given by eqn. (3.7). The semi-classical limit is given by taking β → 0. Performing the calculation we find
We only need to check now that in the semi-classical limit the breather mass is much less than the soliton mass: the semi-classical limit is β → 0, i.e. λ → ∞, so that m B 1 ∼ If we now use the results (4.29) and (4.30) in (4.31), we can compute ∆T for a breather of internal momentum 34) which corresponds to the semi-classical limit of the first breather B 1 . The result is 35) which coincides with (4.33). If instead we had taken α = −π/2 + ǫ, we would have instead found agreement with S AB .
Therefore one concludes that the pathological behaviour of the classical breather-soliton scattering, i.e. the existence of complex time delays precisely corresponds to the non-unitarity of the phase shift observed at the quantum level and that the quantum scattering of solitons and breathers in a (1) 2 is fundamentally flawed.
Moreover, on closer examination we find that the scattering is also fundamentally flawed at the classical level. Since the effect of breather-soliton scattering is to change the shape parameters of both solutions, there is no guarantee that the final shape parameters will be in the allowed ranges for the solutions to be regular. While it is not hard to find explicit values which lead to singular final states from regular initial states, the following argument is quite general and illustrates the point well.
Consider the scattering of a fast soliton off a breather. This will change the parameter δ of the breather by a small amount ∆δ . Then, n repeated scatterings of the same species of soliton with very similar rapidities (exactly equal rapidities are not allowed) off the breather will change δ by n∆δ, and will eventually be forced into the singular region. Thus, the final state obtained starting from an initial state of regular solitons and a regular breather will be solitons and a singular breather.
5 Quantum S-matrices of the a action has a single scalar field, and the unreduced S-matrix was first given by Smirnov [13] . This S-matrix describes the scattering of a soliton transforming in the triplet representation of U q (a (2) 2 ), that is three particles of topological charge −1, 0 and 1 units respectively.
As we mentioned before, U q (a (2) 2 ) has two inequivalent subalgebras, U q (a 1 ) and U q 4 (a 1 ), which means that there are two inequivalent ways of performing the RSOS restriction, which we refer to as the (1,2) and (1,5) restrictions, the RSOS reduced S-matrices corresponding to perturbations of Virasoro minimal models by these two primary fields.
Unrestricted S-matrices of a (2) 2
In any gradation, the unrestricted S-matrix of the fundamental soliton K 0 is given by
where q and the spectral parameter x are given in terms of a variable ξ parametrising the coupling constant dependence of the theory by 4
In the (1, 2) gradation, if we define the matrixŘ = PR where P is the permutation matrix on the two spaces, thenŘ commutes with the (1, 2) subalgebra of U q (a (2) 2 ) and can be expanded in terms of projectorsP on the irreducible representations of the U q (a 1 ) algebra in the tensor product 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 aš
While it is obvious that the eigenvalues ofŘ are phases for real x and q a phase, the physically relevant eigenvalues are those of R, which are only phases for x > 0 and q a phase; for x < 0 and q a phase they are not.
To be explicit, the eigenvalues of R(x, q) are three pairs of doubly degenerate eigenvalues,
and three eigenvalues λ satisfying
The R-matrix in the (1,5) gradation differs by a similarity transformation from the previous one:R (y, q) = y
where for convenience we introduced a new spectral parameter y = exp (πθ/ξ), an element H in the Cartan subalgebra of U q (a
2 ), and where the subscript 2 indicates that this matrix acts in the second space. Explicitly,
The eigenvalues of PR are different from those ofŘ, but the eigenvalues of the S-matrices are unaffected by the regradation as this is just a similarity transformation on R.
From (5.3) it is clear that there are poles in S K 0 K 0 for x = q 4 and x = −q 6 . The latter correspond to the possibility to have scalar (breather) bound states B p and the former to excited solitons K m . The exact spectrum may be very complicated (see [13] ) but at least for these particles we have k = 0, 1, 2, . . . , [λ], of mass 5
We now consider the S-matrix bootstrap to find the S-matrices of the excited kinks. 5 It is clear that these are exactly the same masses as in the a theory with λ = 2π/(3ξ), but there is no other obvious relation between S-matrices of the two theories.
Fusion of the unrestricted S-matrices in the (1, 2) gradation
The equation which describes the bootstrap procedure in the (1,5) gradation is
where the indices 1, 2, 3, 4 indicate in which spaces the matrices act, ǫ = ±1 and C 4|23 and C 23|4 are the Clebsh-Gordan coefficients specifying the embedding of the triplet representation space 4 into the product of the two triplet representation spaces 2 and 3.
In fact, as noted by Smirnov, these relations describe all the bootstraps in the (1, 2) gradation, and that all higher kink-higher kink S-matrices have the same group structure,
Since we have already seen that R(−x, q) doesn't have phase eigenvalues for positive real x and q a phase, we immediately see that, as for a
2 , it is only possible for the unrestricted theory to have unitary S-matrices if we must again restrict the coupling constant, this time to ξ > 2π/3.
As we have noted, it is not sufficient for the two-particle S-matrix to have phase eigenvalues, but every n-particle transfer matrix must also have phase eigenvalues; this is guaranteed if the two-particle S-matrix is conjugate to a unitary matrix up to a change of inner products on the one-particle states, but this is too hard for us to check. Equally it is impossible for us to check all transfer matrix eigenvalues, but we have investigated the three-particle case numerically and find that for a large set of values of q and rapidities, the three-particle transfer matrix indeed has phase eigenvalues. Thus we conjecture that this is true for all multi-particle states and that (to leading order) the finite size spectrum is real.
Bootstrap fusion for the ZMS model in the (1,5) gradation
The bootstrap relation looks a little different in the (1, 5) gradation. If H (5.7) were to have had only even integer eigenvalues, then this would make no difference to the bootstrap, but that fact that it has also odd eigenvalues means that the bootstrap equations resulting from the two poles y = ±q 2 corresponding to x = q 4 are different.
After including the effects of S 0 , we have two series of poles in θ , which we call 'even' and 'odd', according to y = q 2 θ = 2iπ/3 − nξ , n odd,
Denoting the fundamental kink by K 0 and the kinks arising from the poles in (5.13) by K n , we see that we have to distinguish between S K 0 Keven and S K 0 K odd . The R-matrix parts of these S-matrices are now given by
where again ǫ = ±1, D 23|4 etc are Clebsh-Gordan coefficients for the (1,5) algebra and A is a matrix which rescales the eigenvectors since PR no longer degenerates to a pure projector at y = ±q 2 .
Thus we find that 15) and although there are now four differentR matrices appearing in the soliton S-matrices and e.g. S K 0 K 2 is no longer proprtional to S K 0 K 0 , the eigenvalues of the unrestricted S-matrices in the (1,5) gradation are the same as in the (1,2) gradation, and the same comments about the restriction to ξ > 2π/3 still apply.
6 Classical scattering in a
The classical solitons and breathers in a
2 are not as well understood as those in a
2 . In particular, quantum considerations suggest that there should be classical breather solutions with all masses up to twice M K , the kink mass, but these are hard to find. The quantum spectrum also suggests that there might be a class of classical configurations of zero topological charge with masses lying between M K and 2M K , but which are somehow to be regarded as distinct from the breathers, rather behaving like the zero topological charge component of the kink triplet. The main difficulty is that there is no consistent way to find classical solutions of any particular topological charge; secondly, the a (2) 2 classical solutions can be found as a subset of the a (1) 2 classical solutions, but with typically twice as many component 'kinks' in the tau functions. One possibility is that the new methods of Beggs and Johnson [33] may be adapted to find such solutions, but at present this is an open problem.
As a result it is very hard to compare classical and quantum scattering in a (2) 2 since so many of the classical configurations are missing. We have been able to compare the scattering of non-zero charge solitons and low mass breathers, and there are no discernible problemsall the effects of scatterings seem to be able to be described by a simple time delay, and the resulting time delays agree with the semi-classical limit of the quantum transition amplitudes according to the formalism of Faddeev and Korepin [31] .
However, the specific problems we encountered in the quantum a scattering were a result of regradations, which do not affect transition amplitudes. To see the full effect and to compare these with classical results, we need to compute the reflection amplitudes in the semi-classical formalism, something we have not yet done.
We would like to note here that a discussion (we believe new) of how different gradations can be understood as arising from different classical actions in the path integral formalism can be found in appendix B. What initially stimulated our interest in this problem was the strange behaviour of M 3,14 + Φ (1, 5) , and since this is instructive in many ways, we briefly summarise the situation in this model. The main point of interest with this model is that there are a pair of particles A, A of mass M and a particle B, or pair of particles B, B, of mass (1+ √ 3)M/ √ 2, for which the S-matrix S AB (θ) is not a phase for real θ [32] .
When we try to identify this model with an RSOS restriction of a Toda theory, we find that it is somewhat special in that conformal field theory of the 'D' modular invariant of the Virasoro minimal model M 3,14 is the minimal model MA 2 (3, 7) of the W 3 algebra; correspondingly the primary field of weight −5/7 is both the Φ (1, 5) primary field of the Virasoro algebra and the Φ (11;22) primary field of the W 3 algebra. Since perturbing a Virasoro model by the Φ (1, 5) field gives the a (2) 2 Toda theory, and perturbing a W 3 minimal model by the Φ (11;22) field gives the a (1) 2 Toda theory, this single model gives an example of RSOS restrictions of the two theories we have discussed in this paper.
From the point of view of a (1) 2 Toda theory, this is the RSOS restriction of a model with λ = 4/3, and the solitons are entirely eliminated by the RSOS restriction; the fundamental particles A and A of the RSOS restriction discussed in [12, 32] are the first breathers B 1 and B 1 . However the particle(s) B are neither breathers nor solitons in the generic unrestricted model, and do not appear in the spectra of Gandenberger or Hollowood. From the point of view of a This model is instructive in two ways:
Firstly it shows that a restriction of a (1) 2 to a regime where there are no kinks does not automatically imply that the theory is unitary. Even if there is only one RSOS restriction, problems can arise when one attempts to complete the bootstrap. As we have seen, there is a particle B arising in the course of the bootstrap whose S-matrices with A are not phases. The reason why Hollowood and Gandenberger miss this particle is that in nonunitary theories it is difficult to decide which poles to invite in the bootstrap. From the point of view of a (2) 2 it was very natural to conjecture the complete spectrum, and we found a set of S-matrix amplitudes which is closed under the bootstrap and is proven to be correct by TCSA and TBA analysis. The problem of the existence and uniqueness of a closed system of scattering amplitudes given the S-matrix of some fundamental particle is very nontrivial and unsolved in general.
Secondly it shows that whether the RSOS restriction of a (2) 2 is unitary or not depends in part on whether we mean the (1, 2) or (1, 5) RSOS restrictions -since, as we discuss in [12] , the (1, 2) RSOS restriction of a (2) 2 at the same value ξ=π/2 gives the perfectly satisfactory model M 6,7 + Φ (1,2) already treated in [13] . We shall treat this and other problems connected with RSOS restrictions in [34] .
Conclusion
First we review the results for a (1) 2 and a (2) 2 Toda theories separately; we then consider their implications and discuss whether one can find a coherent picture for Toda theories into which they fit.
a (1) 2 Toda theory
We first investigated the unrestricted S-matrices of the fundamental and excited solitons in both the homogenous and spin gradations; we found that the S-matrices describing the scattering of solitons of the same species had phase eigenvalues, and hence are unitary with an appropriate inner product, but that this cannot simply be achieved by changing the inner products of the one particle states. This leads to non-phase eigenvalues for the three-particle transfer matrix and a complex finite size spectrum. Even more clearly, the S-matrices describing the scattering of conjugate species did not have phase eigenvalues and hence cannot be made unitary by any change of inner product. The only known way to obtain a unitary theory with both solitons and antisolitons is by quantum group restriction to an RSOS theory.
We next investigated the scattering of solitons and breathers and again found that the amplitudes were not phases for real rapidity differences. The difference now is that since breathers are scalars under the quantum group, these S-matrices are unaltered by RSOS restriction.
However, de Vega and Fateev [35] have presented a set of S-matrices which they claim correspond to unitary theories, including a Toda theory in particular. The answer lies in the fact that their S-matrices correspond to particular values of the coupling constant for which, as Hollowood pointed out [6] , it is possible to remove the breathers consistently. According to Hollowood, there are no poles corresponding to breathers in the physical strip provided 0 ≤ 3λ ≤ 1 .
The S-matrices of de Vega and Fateev correspond to perturbations of the unitary minimal models of the W 3 algebra with
and as a result, the unitarity-violating breather-soliton S-matrix element does not occur as the breathers are entirely decoupled.
If β 2 /(4π) < 3/4 then breathers do arise as poles in the physical strip and cannot be ignored, and in this case the only possibility is to remove the entire set of solitons from the theory by choosing the values of β appropriately. Whenever q 3 = ±1, the RSOS restriction ensures that there is only a single topological charge possible, and hence the kinks are entirely removed from the spectrum. We see that this corresponds to
i.e. corresponding to the non-unitary minimal models M 3,q of the W 3 algebra. However, we have already seen in section 7 that this does not automatically ensure that the spectrum is real.
For any other value of β, the breather arises as a bound state from a pole in the physical strip, and the RSOS procedure, while changing restricting the soliton vacua to a finite set and changing the S-matrices of the kinks, cannot affect the kink-breather S-matrix as the breather is a quantum group singlet. As a result, we expect that all these theories will have a complex spectrum.
Since this is such a strange result, that all quantum soliton-breather scatterings are nonunitary, we also investigated the classical theory. We found that the classical results exactly mirror the quantum results, in that the time delay (the analogue of the S-matrix) is also complex in soliton-breather scatterings. We also found that the soliton-breather solutions are frequently singular, and that it does not appear possible to construct a consistent theory of breathers and solitons which will lead to purely regular solutions.
We believe that this is a general property of affine Toda theories which contain non-selfconjugate particles, and is related to the classical scattering properties of breathers and solitons, which we describe in section 8.3.
(The soliton-soliton scattering in the classical theory is slightly problematic in that there are solutions with isolated singularities, but the time delays are real and the semi-classical limits of the quantum S-matrices are unitary.)
a (2) 2 Toda theory
First of all we investigated the unrestricted S-matrices for the fundamental soliton and the excited solitons in the homogeneous and spin gradations. We found that the S-matrices of the fundamental solitons had phase eigenvalues, but the S-matrices of the fundamental soliton-first excited soliton never had phase eigenvalues.
This means that for an unrestricted theory to have a real finite size spectrum, one has to go to a repulsive regime, in which there are no excited solitons in the spectrum.
It is possible that RSOS restriction can cure the problems in soliton-excited soliton scattering, but as shown clearly in section 7, the details will depend on the gradation, and we shall turn our attention to these and other issues of RSOS theories in [34] .
We found no evidence of any problems in the classical theory, apart from the absence of certain solutions one might expect to exist from quantum considerations -a problem we return to in section 8.3.
Quantum vs. classical Toda theory
There is a general issue, which is to what extent classical and quantum Toda theories with imaginary couplings are sensible physical theories. While it was recognised that the unrestricted theories were apparently non-Hermitian, it was thought that these problems could be cured by restriction -to a suitable space of classical solutions in one case, and by a quantum group restriction in the other -and that the resulting models would be a good description of perturbed conformal field theories.
All the models which had been investigated prior to [12] had been found to have an entirely real spectrum, as they did indeed correspond to unitary S-matrices found by one method or another. However, as we found in [12] , this is not necessarily the case -as indeed one should expect. There is no reason why the formal Hamiltonian of a perturbation of a non-unitary conformal field theory should have a real spectrum, even if the theory appears integrable.
What is most remarkable about the result of [12] is that the spectrum of the perturbed Virasoro minimal model M 3,14 + Φ (1, 5) is in excellent agreement with the nonunitary S-matrices obtained by RSOS restriction and the bootstrap, even including the complex eigenvalues of the Hamiltonian which result from S-matrix elements which are not phases. Furthermore, the complex S-matrices describing soliton-breather scattering in a (1) 2 are in perfect agreement with the (complex) classical time delays, even though the corresponding classical solutions may be singular.
Thus we can conclude that the integrable structure and quantum group symmetry which is generically present in affine Toda theories and in perturbed conformal field theories is still present even when the spectrum is no longer real, and that a formal S-matrix description still remains valid even when (2.2) or (2.5) no longer hold.
As noted by Gandenberger and MacKay in [36] , there is a close correspondence between the transmission coefficients X ab (k) which play an important role in the semi-classical method, and the soliton-a-breather-b S-matrix S ab , namely that
This can be easily checked for the case of a
2 , as the transmission coefficients for a (1) n are [9]
2 , we find as required that
The transmission coefficients for all simply-laced and twisted affine Toda theories have been found in [37, 38] , and they do not satisfy (2.5) exactly when both species are not-self-conjugate; such particles occur for a
2n+1 and e
6 theories. Since this property will be inherited by the soliton-breather S-matrices, we expect that in all these cases there is no unitary S-matrix possible, even after RSOS restriction, whenever both the relevant solitons and particles remain in the spectrum.
There is also the problem of missing solutions: it is well known that for a general affine Toda theory the simplest ansatz for soliton solutions do not fill out the representations and there some topological charges missing, but we also mention that it is possible that this problem also applies to breather solutions and that not all the classical solutions expected on quantum grounds are known at present. It is possible that this will be cured by the new methods of Beggs and Johnson [33] .
It is indeed interesting that the unrestricted S-matrices of the fundamental soliton-soliton scattering in both a (2) 2 and a (1) Finally, we should like to note that S-matrices do not only appear in scattering theories and statistical field theory, but other physical applications such as diffusion-annihilation problems (see e.g. [39] ) and it may well be that a non-real spectrum is even necessary in such applications.
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A Analysis of singularities
To determine for which parameters a are the full set of equations giving the limits on τ in terms of δ.
B Regrading in quantum and classical pictures
Let us finally comment on some properties of the regrading transformations in the context of quantised affine Toda theories.
In a general affine Toda theory, the minima of the potential are labelled by weights λ a of some Lie algebra (which for untwisted affine Toda theories is the dual of the corresponding finite dimensional algebra), and so typical S-matrix elements are labelled. This can be thought of as a change in the action I, and such a term will change the scattering amplitude by a factor exp( i δI ). The correct form of δI is
where the integral is over all spacetime, g is the metric, R the scalar curvature and Φ the Toda field appropriately normalised. This is zero in the interior of space time, but Minkowski space has singularities at infinity and this integral can give a finite answer by the following prescription.
Consider the following variables ρ, θ, φ given in terms of x and t by t = ρ cosh φ , x = ρ sinh φ , tanh θ/2 = 1/ρ . (B.4)
These variables do not cover the whole of the forward light-cone, but a subset which does, however, include the whole of the forward time-like infinity, which is the line θ = 0, −∞ < φ < ∞, and for which the metric is ds 2 = dρ 2 − ρ 2 dφ 2 = ds 2 = Ω 2 dθ 2 − sinh 2 θdφ 2 , Ω = ρ/ sinh θ . To evaluate this for a two-particle scattering amplitude as in figure 4 , we first note that a particle of rapidity φ 0 intersects time-like infinity at φ = φ 0 , and evaluating (B.8) with a suitable cutoff to regulate the φ integral gives (the cutoff disappears as we would like) 9) which is exactly the result of a regradation in the quantum group picture. 
